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TORSION GROUP SCHEMES AS ITERATIVE 
DIFFERENTIAL GALOIS GROUPS 

ANDREAS MAURISCHAT 
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5-H , Abstract. We are considering iterative derivations on the function 

field L of abelian scliemes in positive characteristic p > 0, and give 
conditions when the torsion group schemes of this abelian scheme occur 
as ID-automorphism groups, i.e. are the ID-Galois groups of L over cer- 
tain ID-subfields. For an explicit example, we even give a construction 
of (a family of) such iterative derivations. 



1. Introduction 



For transcendent field extensions L/F the group of automorphisms Aut{L/F) 
is huge and one is far from obtaining a Galois correspondence. By consid- 
ering derivations on the fields (resp. iterative derivations in positive char- 
acteristic), one obtains a natural subgroup of all automorphisms, namely 
1^ I those automorphisms which commute with the (iterative) derivation. These 

00 ■ automorphisms are called (iterative) differential automorphisms. In special 

On I cases, the group of (iterative) differential automorphisms form a linear al- 

gebraic group and one has a Galois correspondence between Zariski-closed 
subgroups and intermediate differential fields. In Picard-Vessiot theory one 
considers such cases. Here the extension field L is obtained as the solution 



m 

o 

fSJ ■ field of a linear (iterative) differential equation over the differential field F, 

quite analogous to the classical Galois theory where the extension fields are 
obtained as solution fields of algebraic equations. By considering the auto- 
morphism group not as a group, but as a group scheme, one can deal with 
nonnormal and even inseparable iterative differential extensions (see [Ij and 

.^.' [2], Sect. 10). Moreover, this also applies to finite ID-extensions, and one can 

even obtain an infinitesimal group scheme as ID-Galois group scheme (cf. 

In this article, we will consider special finite group schemes, namely the 
torsion group schemes of an abelian variety. More precisely, we give iterative 
differential field extensions having as ID-Galois group scheme the torsion 
group scheme of an abelian variety. Throughout the article we will stick to 
positive characteristic. 

The rough idea for getting the n-torsion scheme A[n] of an abelian variety A 
over a perfect field C as ID-Galois group scheme is the following. Starting 
with the abelian variety A we consider the function field L of ^c(t) (i-^- 
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2 ANDREAS MAURISCHAT 

of A after base change to C{t)) as an extension of the rational function 
field C{t). The field C{t) conies with a standard iterative derivation with 
respect to t (the characteristic p-analog of the derivation ^), and this iter- 
ative derivation is then extended to an iterative derivation on L. By taking 
care that this extension fulfills the appropriate conditions, one guarantees 
that the torsion group scheme A[n] indeed acts on L by ID-automorphisms. 
Hence by Picard-Vessiot theory, one obtains A[n] as the iterative differential 
Galois group of L over L t"'!, the fixed field under A[n\. To be more precise, 
one should say that the group scheme acts by functorial automorphisms, 
i.e. Z)-rational points act as ID-automorphisms on the total quotient ring 

Quot(L0c^)- 

The article is structured as follows. In Section [21 we give the basic notation 
and some basic properties which will be used in the calculations later on. 
Furthermore, we give a short summary of the Picard-Vessiot theory used in 
this article. The theoretical considerations for obtaining the torsion group 
scheme of an abelian scheme as ID-Galois group are given in Sections [3] 
and m The main theorems are Theorem 13.21 giving a necessary and suffi- 
cient condition for the iterative derivation on the function field of an abelian 
variety to "commute" with the addition map, as well as Theorem 14.11 stat- 
ing that the torsion group schemes are the ID-Galois group schemes over 
an appropriate subfield when the iterative derivation satisfies the previous 
conditions. 

In the last sections we do explicite calculations. While Section [5] deals with 
the extension of an iterative derivation to an overfield in general, Section [6] is 
dedicated to the example of an explicite elliptic curve in characteristic 2. In 
this case, we give recursive formulas for constructing an iterative derivation 
on the function field which satisfies the previously stated conditions (cf. 
Theorem [Oil. 



2. Basic notation 

All rings are assumed to be commutative with unit. 

We will use the following notation (see also [Sj). A higher derivation (HD 
for short) on a ring R is a homomorphism of rings 6 : R — > i?[[r]], such 
that 9{r)\T=o = r for all r £ R. If there is need to emphasis the extra 
variable T or if we use another name for the variable, we add a subscript to 
6, i.e. denote the higher derivation by 9t (resp. Ojj if the variable is named 

U). 

A higher derivation is called an iterative derivation (ID for short) if for 

all i,j > 0, 6iW o6l(j) = ('+^')6l(*+J), where the maps 6l(^) : R -^ R are defined 

by 9{r) =: X]£o^ (^)^*- '^^^ P^^^ (-^j^) is then called an HD-ring (resp. 
ID-ring) and Cr := {r € i? | 9{r) = r} is called the ring of constants of 
{R,9). An HD/ID-ring which is a field is called an HD/ID-field. Higher 
derivations and iterative derivations are extended to localisations by ^(^ := 
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9{r)9{s)^^ and to tensor products by 

i+j=k 

for all A; > 0. 

Given a homomorphism of rings / : i? — )• S, we often consider the T-linear 
extension of / to a homomorphism -R[[r]] — )■ ^[[T]] of the power series rings. 
This map will be denoted by /[[T]]. Given two HD-rings {R,6) and {S,9). 
A homomorphism of rings f : R ^>- S is called an HD-homomorphism 
(resp. ID-homomorphism if R and S are ID-rings) if 9 o f = f[[T]] o 9. 
As a special case of a homomorphism /[[T]], we have the homomorphism 
9u[[T]] : R[[T]] -^ R[[T,U]] induced by the higher derivation 9u : R ^ 
R[[U]] on R. A short calculation shows (cf. [1]) that a higher derivation 9 
on R is an iterative derivation if and only if the following diagram commutes 

R '-^^^R[[U]] 



8t 



U^U+T 



T]]^E}^R[[U,Tl 



R[[ 
or in other terms 0[/[[T]] o 9t = 9t+u- 

Example 1. (cf. t2j) 

(1) For any field C and F := C{t), the homomorphism of C-algebras 
9 : F ^ F[[T]] given by 9(t) := t + T is an iterative derivation on F 
with field of constants C. This iterative derivation will be called the 
iterative derivation w^ith respect to t. 

(2) For any ring R, there is the trivial iterative derivation on R given 
by ^0 '■ R ~^ -R[[^]])'' '^ r ■ T^ . Obviously, the ring of constants of 
{R,9q) is i? itself. 

(3) If (F, 9) is an HD-field and L > F is a finite separable field extension, 
then 9 can be uniquely extended to a higher derivation on L. If the 
higher derivation 9 is an iterative derivation, then the extension to 
L is also an iterative derivation. 

(4) Let (F, 9) be an HD-field, L/F a finitely generated separable field 
extension and xi , . . . , x^ a separating transcendence basis of L over F 
(i.e. F{xi, . . . , Xk)/F is purely transcendental and L/F{xi, . . . , x^) 
is finite separable). Using the previous example, it is easy to see that 
any choice of elements ^i^„ G L (i = 1, . . . ,k and n > 1) defines a 
unique higher derivation 9^ on L extending 9 and satisfying 9L{xi) = 
^. + E"=le^,n^"foralH = l,...,A:. 

We now summarize some well known formulas for higher derivations in char- 
acteristic p > which will be used later on: 

Lemma 2.1. (1) 9^^\x'p) = if p does not divide j and 9^^'{xP) = 

(j)y^iP){^x)) if p divides j. 
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(2) Ife is iterative, then {O^^^f = for all j. 

(3) If m = rriQ + mip + • • • + rrikp^ and n = no + riip + • • • + n^p^ where 
mi,ni G {0, . . . ,p — 1} then 

m\ ^ /mo\ (mA /m,\ ^^^ ^ 

Lemma 2.2. (1) Given an HD-field {L,9), and £ e 'N U {oo}. The set 

of elements x for which the equation 0^'^' o 9^^'{x) = {^'^^■'\0^'^~^^' {x) 
holds for all j, i satisfying i + j < p^, is a subfield of L. 
(2) Assume that for fixed i > the iteration rule on L holds for all j, i 
satisfying i + j < p^ (i.e. O'"'^ o 9^^^ = (*+-^)6'(*+-^) for all i+ j < p^) 
and that L contains an element t satisfying 9{t) = t + T . Then for 
all X ^ L and all j < i one has: 

0(p') ^9^"'Hx)i-tr =0 

ym=o J 

Proof. (1) The given condition on the elements x is equivalent to 0(7[[^]] ° 
9t{x) = 9t+u{x) mod {U^ ~^T^ \ j < p). From this on easily checks that 
the set of those elements is indeed a subfield. 

(2) This is a more complicated, but straightforward calculation using iden- 
tities of binomial coefficients. D 

Picard-Vessiot theory. We now recall some definitions from Picard-Vessiot 
theory. (F, 9) denotes some ID-field with constants C . 

Definition 2.3. Let A = Y.kLa^kT'^ ^ GL„(F[[r]]) be a matrix with 
^0 = In and for ah fc, / € N, {^f)Ak+i = J2i+j=i G^'\^k) ■ Aj. An equation 

0{y) = Ay, 

where y is a vector of indeterminants, is called an iterative differential 
equation (IDE). 

Remark 2.4. The condition on the A^ is equivalent to the condition that 
^(^)(^«(y,,)) = Ct)0(''^'\Y,j) holds for a matrix Y = {Yij)i<ij<n € 
Gljn{E) satisfying 9{Y) = AY, where E is some ID-extension of F. (Such 
a y is called a fundamental solution matrix) . The condition Aq = 1„ 
is equivalent to 9^^\Yij) = Yij, and already implies that the matrix A is 
invertible. 

Definition 2.5. An ID-ring {R,9ji) > {F,9) is called a Picard-Vessiot 

ring (PV-ring) for the IDE 9{y) = Ay, if the following holds: 

(1) R is an ID-simple ring, i.e. has no nontrivial ^R-stable ideals. 

(2) There is a fundamental solution matrix Y € GL„(i?), i. e., an invert- 
ible matrix satisfying 9{Y) = AY. 

(3) As an F-algebra, R is generated by the coefficients of Y and by 
det(y)-^ 
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(4) Cr = Cf = C. 

The quotient field E = Quot(i?) (wliich exists, since such a PV-ring is always 
an integral domain) is called a Picard-Vessiot field (PV-field) for the IDE 
e{y) = Ay^ 

For a PV-ring R/F one defines the functor 

Aut^^(i?/F) : (Algebras/C) -^ (Groups), D ^ Aut-^^(i? (^c D/F (gic D) 

where D is equipped with the trivial iterative derivation. In [2], Sect. 10, it 
is shown that this functor is representable by a C-algebra of finite type, and 
hence, is an affine group scheme of finite type over C. This group scheme is 
called the (iterative differential) Galois group scheme of the extension R 
over F - denoted by GsK R/F) -, or also, the Galois group scheme of the 
extension E over F, Gal iE/F). where E = Quot(i?) is the corresponding 
PV-field. 

Furthermore, Spec(i2) is a { Gal jRlF) x^ F)-torsor and the corresponding 
isomorphism of rings 

(1) -f:R(S)FR^R^c C\Gal(R/F)] 

is an i?-linear ID-isomorphism. Again, C\ Gal (R/F)] is equipped with the 
trivial iterative derivation. 

On the other hand, if {R, Opt) is an ID-simple ID-ring extending (F, 9) with 
the same constants, and if there is an i?-linear ID-isomorphism 7 : R®fR —^ 
R 'S'c C[Q] for some affine group scheme Q < GL„ c* corresponding to an 
action of Q, then R/F is indeed a Picard-Vessiot ring for some IDE (cf. [2], 
Prop. 10.12). 

For later purposes, also keep in mind that for a finite Picard-Vessiot exten- 
sion R/F, the PV-ring R already is a field. Hence, in that case the quotient 
field E coincides with the PV-ring R. 

3. Iterative Derivations compatible with addition 

Let C be a field of positive characteristic p, k = C{t) the rational function 
field with iterative derivation by t, and let A/C be a connected abelian 
scheme over C. The addition map on A will be denoted hy ® '■ Ax A ^ A 
(and the subtraction by 0). 

Let Ka denote the function field of A. Let {L,6) be the field L = K^it) 
with some higher derivation 9 extending the one on k = C{t), and let D 
be the field K^ equipped with the trivial higher derivation. The higher 
derivations of L and D are extended to a higher derivation (also denoted by 
9) onLD = Quot{L(E)cD). 



The PV-rings and PV-fields defined here were called pseudo Picard-Vessiot rings (resp. 
pseudo Picard-Vessiot fields) in [2] and [3]. This definition, however, is the most natural 
generalisation of the original definition of PV-rings and PV-fields to non algebraically 
closed fields of constants. 



6 ANDREAS MAURISCHAT 

The map © induces a honiomorphism of the function fields Ka — > KaxA = 
Ka ■ Ka and also a honiomorphism L ^ L ■ D hj t-linear extension. Ex- 
tending again D-linearly, we obtain an isomorphism p : LD —?■ LD. This 
isomorphism fixes exactly the elements in D(t) C LD, i.e. D{t) = {x £ LD \ 
p{x) = x). 

Actually p is nothing else than the honiomorphism on the generic fibers 
corresponding to Ac(t) x A ^^ Ac(t) x ^, {PI1P2) i-> (pi ©P2,P2)• 
Lemma 3.1. With notation as above, let rjL € A(L) be the generic point, 
and let 6^, : A(L) —^ A{L[[T]]) be the map induced by 9. Then p is an 
HD-homomorphism if and only if tjl Q ^*(^l) G yl(C(t)[[T]]). 

Proof. Since in any case tjl QO*{riL) G ^(-^[[^]])) the condition is equivalent 

to saying that r]L ^*(??l) G A{Dit)[[T]]) C AiLD[[T]]). 

Let r]D denote the generic point of A in A(D), and p* : A(LD) —^ A(LD) 

the map induced by p. Then by construction, one has p*{r]L) = "HL (B rjD, 

and therefore, 0^,{p^{riL)) = 9*{r]L®riD) = 0^,{riL) QrjD, since 9 acts trivially 

on D. 

Hence: 

VLe9,ir]L)eAiDit)[[T]]) ^ p^i^lK^L e ^*(r/L)) = r/^ © e*(r?L) 

^ P*{vl) © P*[[T]]{04vl)) = riLQ 94r]L) 
^ iVL © Vd) © P*[[T]]{04vl)) = riLe 94r]L) 

^ 9,{7]l) e 7]D = p*[[t]]{0*{vl)) 

^ 0*{p*{vl)) = P^mmiVL)) 

Since rjL is the generic point of A, the last equality is equivalent to 9 o p = 
p[[T]] o 9, i.e. to the condition that p is an HD-homomorphism. D 

Theorem 3.2. We use notation as above. Let C{t)[[T,U]] be the power 

series ring over C{t) in two variables T and U and let R denote the subring 

of C{t)[[T,U]] of those power series P{t,T,U) such that P{t + U,T,0) = 

Pit,T,U). 

Then 9 is an iterative derivation and p is an ID-homomorphism if and only 

ifOuAVL) © Ot+uAvl) G A{R). 

As already mentioned earlier, 9u : LD — )■ LZ)[[[/]] and 9t+u '■ LD —^ 

LD[[T, U]] denote the maps 9 with T replaced by U and T + U , respectively. 

Proof. First, let 9 be an iterative derivation such that p is an ID-homo- 
morphism. Since 9 is an ID, one has 9ij+t = ^t/[[^]] ° ^T ) and there- 
fore 9u,*ir]L) © 6t+u,*{'^l) = Ou,*[[L']]{vlQOt,*{'^l))- Since p is an ID- 
homomorphism, one has r]LQdT,*{VL) G A(C(t)[[T]]) by the previous lemma. 
Hence, we obtain 9u,*[[T]]iVL Q OtAvl)) G A{C{t)[[T,U]]). Furthermore, 
since the map 0(7[[T]] on C(t)[[T]] is nothing else than replacing thyt+U, 
we obtain 

OuAin ivL © 0tAvl)) ^^ VLe9TAvL) ^^^^ OuAIt]] (vl © OtAvA) , 

i.e. the point ^(7,*[[T]] (77^ © 9tA''Il)) is indeed i?- valued. 
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Now, let 6u,*{vl) Q Ot+uAvl) G A{R). Mapping U to leads to rjL Q 
Gt,*{j]l) G ^(C(0[[^]])) hence p is an HD-homomorphism by the previous 
lemma. As before, the condition that the expression is in A{R) implies that 
we obtain the same element when mapping L'^ i— )■ and applying 0[/^*[[T]]. 
Hence 

OuAvl) e Ot+uA^l) = OuA[T]] (OoAvl) e er+oAvL)) 

= euAvL)eeuA[T]]iOTAvL)) 

This means Ot+u,*{vl) = (^uAi'^Jl (^t,*(^l))- Since r]L is the generic point, 
this implies 9t+u = ^c/[[^]] ° ^t, and therefore 6 is iterative. D 

Remark 3.3. So far, we didn't use commutativity of 0. Hence, all the state- 
ments made are also valid for non-commutative connected group schemes 
instead of abelian schemes. 

4. Torsion schemes as Galois group schemes 

We use the notation of the previous section. In particular, A/C is an abelian 
scheme and L is the function field of A(ju\ equipped with a higher derivation 
9 extending the iterative derivation w.r.t. t on C{t). 

Theorem 4.1. Let 6 be an iterative derivation on L such that p is an ID- 
homomorphisni. Also assume that the constants of{L,6) are C. For n € N, 
let [n] : A — 7- A denote multiplication by n, A[n] = Ker([n]) the n-torsion 
scheme, and [ny^ : L ^ L the corresponding map on the function fields of 
Ac{t)- Then 

(1) the subfield [n]'^(L) Q L is an ID-subfield of L, 

(2) the extension L/[n]*(L) is a PV-extension and the iterative differ- 
ential Galois group scheme is given as 

Gaf(L/[n]*(L))^A\n] 

as affine group schemes over C . 

Proof. The addition ^ x A[n] -^ A induces a homomorphism p : Oa{U) — )■ 

Oa{U) ®c C{A[n\) for an appropriate (affine) open subset [/ C ^. The 

subring [n\^{OA{U)) is then the equalizer of p and id ^ 1. 

Furthermore, p can be extended to a homomorphism p : L ^ L ®c C{A[n]) 

by p{t) = t 1 and by localisation. This map p is actually a specialisation 

of the map p : L ^ LD. By assumption p is an ID-homomorphism and 

therefore p is an ID-homomorphism when C(^[n]) is equipped with the 

trivial iterative derivation. 

This shows that the equalizer [nY^{L) C L is an ID-subfield of L. 

The L-linear extension of p leads to an ID-homomorphism pi : L ^ [„]#(/,) 

L ^ L (^c C{A[n]) which is a monomorphism, since [n]*(L) is the equalizer 

of p and id ® 1. 

As the degree of the extension L/[nY^{L) equals the dimension dimc(C(^[n])), 

this monomorphism is indeed an ID-isomorphism. 
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Therefore, the second claim follows by [2j, Prop. 10.12. (Here we use that 
the constants of L are indeed C.) D 

5. Extension of iterative derivations 

In this section, we will assume that C is a field of characteristic p > 0, and 
(F, 9) is an ID-field containing C{t) such that 9\c{t) is the iterative derivation 
with respect to t (compare Ex. [T]|T])). 

Theorem 5.1. Let L be a finitely generated separable field extension of F 
with a higher derivation on L extending 6 on F , which will also be denoted 
by 6. Let xi, . . . ,Xk be a separating transcendence basis of L over F, and 
6{xi) =: Xi + Xl^i ^i,nT'^ for all i = I, . . . ,k. 

Assume that ^i^n (z L^ ■ F for all i = 1, . . . ,k and all n > 1. Then for any 
£o > the following are equivalent: 

(1) For all j,m > s.t. j + m < p^o+i, the iteration rule 6^^' o 6^'"^' = 

(2) For allO<e <io, one has: 

(a) for allO<m<p^ andO<a< p: 0(™+«p') = ^ ('^(p')^ o 0(™), 

(b) ('0(P')V = O, and 

(c) for all 0<j< t Q'<P'^ o Q'yv") = 0ip') o 9^p'1 

(3) Condition (1) holds when evaluated at all Xi (i = 1, . . . , k). 
(3') Condition (2) holds when evaluated at all Xi (i = 1, . . . , k). 

(4) For all < i < £o and i = 1, . . . k, one has: 

kv' + E (^'''''\kn.){-tr e n Ker (e'^^^) n Ker [o^p'iP-^))' 

m=l 0<j<i 

for alll < a < p: ii^ap'^ — h v^^ ] i^i,p'')> and for allO < m < p^ 
and < a < p: 

Remark 5.2. Condition [5] of the previous theorem, gives a recursive rule 
for constructing an iterative derivation on L. In more detail: 

(1) Choose C*,i G {LP ■ F) n Ker (6'(p-i)) = LP ■ {F n Ker (6'(p-i))) arbi- 
trarily for all i = 1, . . . , A;. 

(2) Calculate e*,i+a := ^, {O^^^T {^i,i) for < a < p - 2. 

(3) Proceed inductively: Assume that for i > 0, the elements ^i^m for 
m < p^ are already given satisfying condition U] of the theorem. Then 
choose 

/-I 

kp' ^ - E ^^'''\krn){-tr + n ^^^ (^^"'0 ^ ^""^ (e^p'^p-^^^^ n LPF 

m=l 0<j<i 
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and calculate ii^ap^ for 1 < a < p as well as ^i^m+ap^ for < m < p' 
and < a < p, by the rules above. 

Since for an element x^ G L^, one has 9^P'{xP) = (9^^ '(x) 

the condition ^j^^ € L^F implies that 9^^ \ii,m) is computable us- 
ing only the values ^i^m for m < p^ . By the same reason the set 

no<j<f Ker (9^P')\ nKer U'^p'^p-^))^ nLPP is determined by the el- 
ements ^i^m for m < p^. 

Proof of Thm. \5.1]( 1)<^(2) All three conditions in (2) follow directly from 
the iteration rule for 9. On the other hand, given the conditions in 
(2), any 9^"^' can be written as (a multiple of) a composition of some 
q{p ) for appropriate numbers j (condition (a) in (2)), and using also 
condition (c), one obtains that 9^"^' o9^^' is equal to a certain multiple 
of 9^'^^^'. Keeping track of the coefficients and taking into account 
also condition (b), one sees that this multiple is indeed (%"')• 
(1)<^(3) We only have to show that (3) implies (1). By the same argument 
as above, condition (3) implies that for all n,j > 0, one has 9^"^' o 
9^^'{xi) = [^^'^)9''"''^^'{xi). Since the set for which the iteration rule 
holds is a subalgebra of L and since xi, . . . ,Xk generate F{xi, . . . , x^) 
over F it is immediate that the iteration rule holds for all elements 
in F(xi, . . . , Xfc). But an extension of an ID to a finite separable field 
extension is unique, and again an ID, the HD on L is indeed an ID. 
(2)-<4>(3') This is shown in the same way. 
(1),(2) =>(4) By the iteration rule resp. condition (2)(a), one has 



^i,m+ap'^ 



g{m+a/)(^.) = i. (^oiP')y o e(^^\x,) = i (^(^'))" (e,,„) 



for all < m < p^ and < a < p s.t. m + ap^ < p^^^. Furthermore 
by condition (2)(c) and by Lemma 12.21 we have 



P'- 



for all < J < £ and by condition (2)(b) 
gipHp-D) L.^, + ^ 0(/)(^^^^)(_t)™ I = gipHp-i))o(p') \x,+ Y. 0^""\^i){-tT 1 = 0. 



P*-i \ / p'-i 



m=l / \ ■m=l 



(4)=>(3') The formulae for ^j^^p* and Ci.m+ap'^ imply the conditions (2) (a) eval- 
uated at Xj. Furthermore, by induction 9^^ '9^'p > = 9^^ '9^^ ' 
for ah j <i and hence 9^p''i9^p'\x) = 9^p''^9'^p'\x) for all x E LPF. 
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This implies 

/ /-I 

\ m=l 






, m=l 



The last step is obtained by a similar calculation as in Lemma 127 
using the fact that ^('^^^(p'HCi.m) = ^^^'^^^^'H^.m) and 0(*=)0M 
^fc+m-j ^(fc+m) £qj. g^l k,m < p^. Similarly, one obtains 



p'-i 



= 0(P(P-i))^^^^,+ ^0(p)(^.„)(_t) 



m=l 
p*-l 

r,t\ / N X~^ „l'»,<^ „fnt( 



q{p'{p~i))q{p')^^.-^ + ^ 0(/)0{P^(p-l))(^.^^)(_i)r 



m=l 



^_^(0(/))p-l0(/)(^.). 



D 



6. Example 

In this section we give an example to illustrate the previous sections. In this 
example it is even possible to give a recursive formula for constructing the 
iterative derivation 9 (see Theorem I6.3p . Indeed, it will be a sharpening of 
the formula in Thm. 15.11 Item HI 

The example we consider is the elliptic curve E/C in characteristic p = 2 
given by the equation x^ = z'^ + z, the neutral element of addition being 
given by the point (0,0). 

As before, Ke/C denotes the function field of E/C and L = KE{t) = 
C{x,z,t) is the HD-field with a higher derivation 9 extending the iterative 
derivation with respect to t on C{t). The iterative derivatives of x are 
denoted by ^m, i-e. 9{x) =: a; + X^m=i CmT"^. Furthermore, D = Ke denotes 
the ID-field with trivial iterative derivation. 

Lemma 6.1. For two points {xi^zi) and {x2,Z2) the difference {xd,Zd) := 
{xi,zi) Q {x2,Z2) is given by: 

XI , ( Z2-^X 
Xd = X2 + — + J5- 

1 + ^1 V^2-T+ir/ 
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and 



Z2 

^2 l+.i 



^d = -r ^^ ■ i^d - X2) + Z2 



Proof. One only has to check, that the point (x^, Zd) is the third intersection 
of the ehiptic curve with the hne passing through (x2,-Z2) and 0(xi,zi) = 

Vl+21' l+zi'- '-' 

Let 

Then by the previous lemma, /(T) is the x-coordinate of rji Q 9.^{rjL). For 
the coefficients fm we have: /o = 0, fm = Cm for odd m and fm = ^rn + {fmf 
for even m > and an appropriate element fm £ L, depending only on x, z 
and the elements ^k for k < m/2. For convenience, we introduce fm '■= 
for odd m in order to have fm = S,m + (/m)^ for all m > 0. 
Furthermore, we let g(T) denote the z-coordinate of r]L Q O^irjL), i-e. tjl Q 
0*{riL) = {f{T),g{T)) in these local coordinates. Since this point is on £', 
one has the relation f{T)^ = g(T)'^ + g(T), and hence the coefficients gi of 
g(T) =: YlT=Q9mT"^ can be expressed in terms of the fm- In more detail, 
50 = 51 = 52 = and gm can be written as a polynomial in /i, . . . , fm~-2- 

Lemma 6.2. Assume that 9 is an ID on L. Then for even m,j G N>o 
the difference 9''"'\fj) - i^m)f^+j ^* « polynomial in (^'"^/2^^)/(m+j)/2, 
/(m+j)/2-i) • • • 1 /17 whereas for all other choices of m,j G N this difference 
isO. 

Proof. By definition, /(T) is the x-coordinate of ?7i00^,(??i), hence 0;7[[T]](/(T)) 
is the x-coordinate of 6';7,*[[T]](?7i 9^:{rjL)). But 

OuAiniVL e*(^L)) = 9uAvl) ec/,*[m](e*(r/i)) 

= ^(7,* (iIl) Qr]L®r]Le 9u+t,* (iIl) 
= {riL 9u+tA^l)) © (??L 9u,*{r]L)) 

Hence, (et/[[T]](/(r)), 0[;[[r]](<7(r))) = {f{U + T),g{U + T))e{f{U),g{U)). 
Using the formula for the difference, we obtain 



f{T + U) ( 9{U) 



9{T+U) 



2 



%[[Tii(/(T)) = nu) + Y^5£±^ + (^_L_i±gij , mr.ui]^ 

The coefficient of U"^T^ on the left hand side is 9^"^\fj). For the right hand 
side, we first remark that 

^^^ + ^^ - /(T + U) + {g{T + U)/{T + U)f- {f{T + U)/{T + U))-\ 



l + g{T + U) 
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as power series in (T + U). So the right hand side is f iU) + f {T + U) modulo 
squares. This already shows that the coefficient of U"^T^ on the right hand 
side is {^^^) fm+j , if m or j are odd. 

For the other coefficients one has to consider the equation more carefully. 
We consider the remaining terms as power series in (T + U) with coefficients 
mL{{U)). The coefficient of [/'"T-'' in {g{T + U)/{T + U)f ■ {f{T + U)/{T + 
[/)) is ("^"') times the coefficient of (T + [7)™-+-? in this expression. Since 
{g{T + U)/{T + [/)) is a multiple of (T + C/)^, this coefficient depends only 
on f(m+j) /2~2, f{m+j) /2-3, ■ ■ ■ , fi- The last term is the square of 

^^^^^^ ^ g(U)+giUf + ig{Uf-l)g{T + U) 



9{U) 



fiU) 



l+g(T+U) 

f{T+U) 
l+g(T+U) 



1 

1 + 9{U) 

1 



f{U) + f{U)g{T + U)-f{T + U) 

f{Uf + {g{Uf-l)g(T + U) 



l + g{U) f{U) + f{U)g{T + U)-f{T + U) 



1 



-Jiuf 



i+Er=i5fc 



- 3(C/)^-l 



){T + UY 



1 + Efcli(5fe 




i^){T + Uf 



1 + 9{U) 
{l+g{U))-'f{U) 



where r^ is some polynomial in /i, . . . , /„ (and gi, . . . ,gn), g{U) and j^. 
Since the whole expression is a power series, fiU)'^ ■ t„ is already in L[[C/]]. 
Hence, the coefficient of JJ^T^ in 
pends only on f(rn+j)/2, /(»n+i)/2-i, ■ 
factor f("!tjy2). 



1 



1+9{U) 



m/2 



f{U?-{T.n=o^n{T + Ur)) de- 
, /i, and f(m+j)/2 only occurs with the 

D 



Theorem 6.3. 9 is an iterative derivation on L commuting with p if and 
only if for all i > and all < m < 2^ one has Cm+2' ~ ^ (Cm) ciiT'd 

m=l \ r?i=0 



(*i) 



')• 



In particular, it is possible to choose/calculate elements ^m recursively for 
m = 1, 2, . . . in order to obtain an iterative derivation on L commuting with 

P- 

Proof. First let 6 be an ID which commutes with p. Then ^^+2*^ — (^ iCe) 

for all < m < 2 by Theorem 15.11 

Further using the rules in Theorem 15.11 we obtain: 



c2^+yzo^^'\ur 



m=l 



2^-1 2^+1-1 



m=l 



m=l 
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since ^("^(CzO = for 2^ < m < 2^^+!, as well as 

V-i _ \^ 2^-1 _ 2 2^-1 

m=0 / m=0 m=0 

2^+1 _1 

m=0 
since 0^™'*((/2O^) = for m odd. Combining these we get: 

2^-1 /2*-l 

^2^ + E ^^''^(^™)*" + E ^^"^(/2^)*' 

m,=l \ m=0 

2«+l_l 2^+1-1 2'^+i-l 

= E ^^"^^^20*"^+ E ^^'"n(/2^)')*"= E ^^"^(/20i™ 

m=0 771=0 m=0 

This expression is in C{t), since /2« € C{t) by Lemma 13.11 and it is in 
no<7<£+i Ker(0(P^)) by Lemma [2^21 hence in C{t'^ ) as desired. 
On the other hand, assume that the conditions on Cm.+2^ ^^^ ^^ ^2^ hold. 
We will first show that 6 is an ID by showing inductively that 6^^' o 6^"^> = 
{3+J^^e^i+m) for ah j + m< 2^0+1. 

For ^0 = 0, condition (*£q) is just ^i € C{t^), which implies ^'•^-'(^i) = 0. 
Hence by Theorem 15. H the iteration rule holds for all j + m < 2 = 2*^+^. 
Now, assume by induction that the iteration rule holds for all j + ttt, < 2 " . 
Then it even holds for all j + m < 2^"+^, since S,m+2i = ^^^ (Cm), and we 
obtain by Lemma O that 6^'^''^ (Emlo^ '^^"'''(a)i'") = for ah a € L and 
< i < io, in particular 6^^'^ (Emlo^ ^^"H/2^0)*™) = for < j < Iq. 

Therefore using (*,J, C,,, + Et=~i' (^^''"KUt"" G no<,<^o ^erl^^^'^). By 
Theorem 15. H this shows that the iteration rule holds for j + m < 2 "^^. 
It remains to show that p is an ID-homomorphism. By Lemma |3. 11 this is 
equivalent to fk G C{t) for all k > 1. Again we will use induction: The case 
k = 1 is given by condition (*o), since fi = Ci- If ^ is not a power of 2, 
i.e. k = 2 +171 for some < rn, < 2 , then by Lemma [6.21 f2i+m differs from 
^ ifm) by a polynomial in fj for 1 < j < 2 — 1, and hence is an element 
of C(t) by induction. If fc = 2 , condition (*^) and the calculations above 
imply that 

2^+1-1 

(t) E o^'^Hf,,)t"^ec{t). 

m=0 



14 ANDREAS MAURISCHAT 

By the same argument as in the case k = 2 +m, we obtain that f2i+m ^ C'(^) 
for all < m < 2 . Again using Lemma 16.21 we see that 6^"^\f2e) is an ele- 
ment of C{t) for < m < 2^, and even for m = 2^, since ( 2O ^^'^ (2^-1) ^^^ 
both even. For 2^ < m < 2^+\ we have O^^^^if^i) = 9^"^"^''^ (o^'^'Hf2i)) ^ 
C{t). Therefore all the terms in (f) different from f2i are in C{t) and hence 
/2. G C{t). U 
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